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Abstract

This paper is a comparative analysis of two prominent iterative algorithms for
model order reduction of linear time-varying (LTV) periodic systems where the
system's matrices are singular. Our proposed method is based on a reformula-
tion of the LTV model to an equivalent linear time-invariant (LTI) model using
a suitable discretization procedure. The resulting LTI model is reduced in two
ways, once by applying a balanced truncation method and once by applying
a Krylov-based method known as iterative rational Krylov algorithm (IRKA).
During the application of balanced truncation, the low-rank Cholesky factor-
ized alternating directions implicit (LRCF-ADI) method is used to estimate the
solutions of the corresponding LTI form of Lyapunov equations. Since the sys-
tem's matrices are singular, the concept of pseudo-inverse is adopted to compute
the shift parameters needed in the LRCF-ADI iterations. For the Krylov-based
IRKA, our work is twofold. We solve the time-invariant Lyapunov equation for
the observability Gramian and apply a moment-matching Krylov technique. The
accuracy and effectiveness of the two proposed techniques are demonstrated
with the help of frequency response graphs, bode plots, and eigenstructure of
the main and reduced models.
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1 INTRODUCTION

Dynamical systems are extensively used in the modeling
of physical processes and systems such as temperature
control, circuit simulations, structural dynamics, indus-
trial applications, and microelectro-mechanical systems
(MEMS) [1–3]. The ever-increasing dimensions and com-
plexity of the models used to represent these dynamical
systems stems the need to precisely and efficiently sim-
ulate the behavior of the dynamical systems. Numeri-
cally simulating and optimizing these complicated models

requires high numerical effort, time-consuming compu-
tations, and sufficient memory space. To alleviate these
computation burdens, we can use model order reduc-
tion (MOR) to approximate a simpler yet precise version
of the original model. The smaller model mimics the
input-output behavior of the original system. In addition,
the smaller model preserves significant characteristics of
the original model.

Let us consider the continuous periodic linear
time-varying descriptor system where the system's dynam-
ics change with time t. Such a system can be represented
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in the more general state-space form as,

E(t) .x(t) = A(t)x(t) + B(t)u(t),
𝑦(t) = C(t)x(t) + D(t)u(t),

(1)

where x(t) ∈ R𝔫, u(t) and 𝑦(t) represent the descrip-
tor vector, input of the system, and output of the system,
respectively, and 𝔫 is the order of the system. All the matri-
ces in this system change with time and they are periodic
with a time period T. At any point of time, E(t) and A(t) can
be singular. We, in general, write system (1) omitting the
matrix D(t) as it does not have any effect on the dynamics
of the system.

Analysis of LTV systems can be cumbersome and tricky,
especially when large-scale systems are involved. To ease
the computational complexity, we can convert the linear
time-varying system (1) into its equivalent LTI form. This
reformulation also allows us to extend theory dedicated to
time-invariant systems to the LTV setting [4–6]. It is impor-
tant to note that this type of LTI conversion is possible for a
system which has near linear response but is nonlinear in
nature (sometimse called weakly nonlinear). That means
systems have small periodic perturbation [5–7].

Using a suitable discretization scheme, such as the
Euler discretization discussed in [4], we can find the LTI
version of the corresponding time-varying system (1). A
multi-input and multi-output (MIMO) LTI system has the
general form,

E .x(t) = Ax(t) + Bu(t),
𝑦(t) = Cx(t),

(2)

where x(t) ∈ R𝔫, u(t) ∈ Rp(p ≤ 𝔫), 𝑦(t) ∈ Rq. There are
p inputs and q outputs in the system. The system's matri-
ces E, A ∈ R𝔫×𝔫, B ∈ R𝔫×p and C ∈ Rq×𝔫 do not change
with time. If there is a single input and a single output, the
system can be identified as a SISO system where p = 1
and q = 1. B and C will then be modified to b and cT ,
respectively.

Once the LTI system is found, we approximate the
reduced order model of this corresponding system,

Ĕ
.
x̆(t) = Ăx̆(t) + B̆u(t),

𝑦̆(t) = C̆x̆(t),
(3)

where Ĕ, Ă ∈ Rr×r, B̆ ∈ Rr×p, C̆ ∈ Rq×r are the system
matrices of the reduced model with an order r(r << 𝔫). The
reduced model is then used for simulations, decision mak-
ing, predictions, and quick analysis of the original model
in very efficient time. In addition to having smaller dimen-
sions, the reduced model retains important characteristics
of the main model such as stability and passivity.

Model reduction of (1) has been the topic of intensive
research in recent years. Attempts have been made to
reduce the dimensions of large-scale systems using bal-

anced truncation [8–12], Krylov-based projection meth-
ods [1,5,13–16], the interpolatory method, optimal Han-
kel norm method, and polynomial method, as seen in
[17]. Model reduction algorithms linking both balanced
truncation and Krylov-based methods have also been pro-
posed in [2,18–21]. For example, [18] demonstrates how
a balanced truncation technique based on Krylov sub-
space methods can be applied to a general large-scale RLC
network. The Krylov subspace method was used to approx-
imate the lowrank square roots of the original system's
Gramians. Similarly, in [19], a combination of the Rational
Krylov Subspace Method (RKSM) and Alternating Direc-
tion Implicit (ADI) methods were employed to approx-
imate the solutions of Lyapunov equations. Although
there is existing research work that combines aspects of
balanced truncation and Krylov-based methods, a direct
comparison between the two methods [22–25] is rather
limited. For example, in [23], a qualitative comparison
between Krylov subspace methods, balanced truncation,
and mode displacement methods was performed. The
results revealed that only the balanced truncation method
produced a better approximation of the original model
than the other two methods at high frequencies. Likewise,
in [24], a Krylov-subspace approach and balanced trun-
cation were both applied to a power system and results
showed that the Krylov-subspace method generated a
model that was less accurate at high frequencies. Due to
the computational complexities that arise in the applica-
tion of these suggested reduction methods, we have pro-
posed two iterative techniques that implement balanced
truncation and Krylov subspace methods in a more effi-
cient manner.

The remainder of this paper is organized as follows. In
Section 2, we show a backward Euler based discretiza-
tion scheme to reformulate our continuous time-varying
system to a time-invariant system. In Section 3, we
introduce and compare two important approaches for
model reduction: balanced truncation and Krylov sub-
space methods. After a detailed outline of the pro-
posed algorithms in Section 4, the numerical results
obtained from MATLAB simulations are presented in
Section 5. Finally, we conclude and discuss future work
in Section 6.

2 PROBLEM FORMULATION

The reduction strategy is based on finding an equivalent
LTI representation of the LTV model using some suitable
discretization schemes. In this section, we present a dis-
cussion of the reduced order modeling framework of the
LTV systems.
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2.1 LTI systems
The Laplace transformation of the LTI system (2) results
in its frequency domain version, which transforms to the
following transfer function,

H(s) = C(sE − A)−1B. (4)

In this paper we consider only the stable systems, that
means for the LTI system (2), the eigenvalues of its pencil
(𝜆E − A) must be taken into consideration. The system is
considered to be stable if all the eigenvalues lie in the left
half of the plane. The system is considered to be regular if
its determinant, that is, det (𝜆E − A) is nonzero.

2.2 Analysis of circuit based LTV systems
Let us consider a nonlinear circuit system where two sig-
nals are present: bl and u(t). In terms of magnitude, bl is
larger than u(t). An output z(t) is generated from the two
signals. For convenience, u(t) and z(t) are scalars. The fol-
lowing differential-algebraic equation (DAE) can used to
describe the nonlinear circuit equations [4].

In the above equation, is the input source and
describes the branch currents and nodal voltages. Here
and represent the nonlinear resistive and flux/charge
terms, respectively. The input and output are connected to
the remaining part of the system by vectors found in B(t)
and C(t).

In (5), the total quantities are represented by the vari-
ables and . Separating and into two portions,
a small and a large signal portion,

and then linearizing around the large signal portion ,
we get the following LTV model [4].

where for the small response
is the capacitance matrix and is
the conductance matrix. We can omit the superscript and
write (6) as

Assuming E(t) = ℭ(t), A(t) = −(𝒢 (t) +
.
ℭ(t)),

Equation (7) can be related to the standard notation.

2.3 Discretization of transfer function
In the LTI case, model reduction is generally performed
based on the rational estimations of the frequency-domain
transfer function, as observed in many of the existing
works. Following the formalism in [26], v(t) can be written
with the help of a time-varying transfer function,

where is time-varying and is the Fourier trans-
form of . Using (8) and the notation s = i𝜔, (7) can be
used to compute as,

Then the transfer function Φ(s, t) of system (1) (omitting
D(t)) can be defined as,

Assuming that Φ(s, t) is a rational function, we can
obtain Φ(s, t) by discretizing (9). As the nature of our work
deals with LTV systems, it is crucial to specify B(t) and C(t)
over the fundamental period T. If we collocate over
time samples t ∈ [0,T] at L sample time points t1, ..... , tL,
with periodicity tL = T, we can find the time-domain
form of (9). Implementing the backward Euler method dis-
cussed in [4], and taking into account the periodicity of

, that is, = , (9) can be represented as,

where,

where, 𝒢i = 𝒢 (ti), ℭ̃i = ℭ̃(ti), Bi = B(ti), h𝑗(s) = h(s, ti),
and Δi is the ith time step. Furthermore,

 = [C1 C2 … … CL]T ,

where Ci = C(ti). The baseband transfer functions (s) is
shown as [6],
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The equation above is the time-domain version of an
LTV transfer function. With the help of the discretization
technique, the 𝔫 dimensional LTV system (1) has been
transformed to its corresponding LTI system of dimension
N = 𝔫L. It is important to note that the size of the original
LTV system is smaller than the LTI system by a factor of
L where L quantifies the time steps used in the discretiza-
tion. For the model reduction of LTI systems, (12) can be
directly used. Furthermore, any iterative methods for LTI
systems can be applied to the matrices shown in (11)–(12).

3 MODEL REDUCTION
STRATEGIES

Throughout the years, a myriad of model order reduc-
tion strategies has emerged for the reduction of large-scale
systems. These methods fall under two main categories:
projection-based and non-projection based. Two com-
monly used projection-based reduction methods for very
large-order systems are balanced truncation and Krylov
subspace methods. In this section, we show the frame-
work of both procedures together with the theoretical and
numerical aspects.

3.1 Balanced truncation MOR
One prominent projection-based reduction method is bal-
anced truncation. In this method, the following set of
matrix equations, formally known as Lyapunov equations,
are required to be solved for a system similar to (2) with
E = I, that is, an identity matrix.

A + AT = −BBT ,

AT +A = −CTC.
(13)

Here,  and  are the solutions to (13). These solutions
are unique positive definite. and are known as the con-
trollability and observability Gramians, respectively [27].
The controllability Gramian specifics the amount of input
energy required to reach a specific state [27]. On the other
hand, the observability Gramian quantifies the output
energy. The main gist of balanced truncation is to balance
the system in such a way that the states that are difficult
to control are also difficult to observe and vice-versa. Once
the system is balanced, the controllability and observabil-
ity Gramians become diagonal and equal [27]. The states
that do not play a major role in the system's dynamics are
then eliminated. As a result, the dimensions of the system
are reduced.

The Lyapunov equations and the related matrix
equations play an indispensable role in numerous areas of
control theory such as stability analysis, optimal control,

and model order reduction [28,29]. These equations are
also an integral part in power systems control and signal
processing. Since Lyapunov equations are encountered in
such an extensive range of applications, the solution of
these equations are of great interest. Decades of research
have brought forth various methods for solving the Lya-
punov equations in its general form. These methods
include the Bartels-Stewart method, alternating direction
implicit (ADI) method, Hessenberg-Schur method, and
Hammarling method [28].

3.1.1 LRCF-ADI
The method of interest in this paper is the LRCF-ADI
method, which is geared towards solving large-scale Lya-
punov equations that have right-hand sides of low rank
[30].

The generalized form of a Lyapunov equation is shown
in (14),

In order for the LRCF-ADI method to converge, the
pencil of the system must be c-stable, which
signifies that all the finite eigenvalues of the pencil must
possess negative real part. The performance and conver-
gence rate of this method heavily relies on the shift param-
eters p1, p2, p3, … , p𝑗 . Optimal ADI shift parameters can
be determined by solving the following rational min-max
problem [31],

where denotes the spectrum of . Computing
optimal ADI shift parameters tends to be problematic
because it involves expensive computations and spec-
tral data that sometimes cannot be easily found. This is
especially true when dealing with large-scale problems.
Therefore, we use suboptimal ADI shift parameters that
can be found using the heuristic approach explained in
[32]. The heuristic approach makes use of the largest and
smallest eigenvalues of the pencil and these
eigenvalues can be located using an Arnoldi iteration. The
Arnoldi iteration is discussed in detail in the next section.

The generalized ADI iteration for (14) is given by

We can note that the matrix X𝑗− 1
2

is not symmetric after
the initial step of each iteration. However, this matrix
becomes symmetric once the second step is completed.
The two steps in (16) can be combined into a single-step
iteration

HOSSAIN ET AL. 1515
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Using the Cholesky Factorization X𝑗 = Z𝑗ZT
𝑗

, (17) can be
rewritten in terms of Z𝑗 as,

For 𝑗 = 1,
Therefore, it can be stated that (17) creates the Cholesky

factors by adding a new column at each step. Assuming
X0 = 0 the Cholesky factor Z𝑗 can be expressed as

ZJ = [zJ ,PJ−1zJ ,PJ−2(PJ−1zJ), … … ,P1(P2 … PJ−1zJ)],
(18)

where .
Here, Pi is the step operator applied to compute the new

column in each iteration. The iteration is repeated until a
specified residual tolerance level is met. We can check the
residual norm using the relation,

where the residual tolerance is denoted by 𝜖. Now, let us
consider the following set of Lyapunov equations associ-
ated with the system (11),

As mentioned earlier, P and Q are solutions to the dual
Lyapunov equations. If we approximate P and Q using the
low rank Cholesky factors obtained from the LRCF-ADI
method, we can decrease the computational complexity
and required memory space [33].

The Cholesky factorizations of P and Q are computed as

P ≈ Z̆CZ̆T
C , Q ≈ Z̆OZ̆T

O, (22)

where Z̆C ∈ R𝔫×m and Z̆O ∈ R𝔫×l are the low rank
Cholesky factors.

3.1.2 Block Arnoldi iteration
As mentioned earlier, the largest and smallest eigenval-
ues of the pencil are needed to determine the
suboptimal ADI shift parameters of (18). To find these
eigenvalues, the Arnoldi iteration is a suitable choice.

The Arnoldi iteration is often used to systematically con-
struct an orthonormal base for a Krylov subspace. This
orthonormal base can be represented by a matrix =

where . Here is denoted
as the conjugate transpose of . = span =

= span [34].

Here, and b is an arbitrary vector that is nec-
essary to get the Arnoldi iteration started. Due to the sin-
gularity of , the inverse of this matrix cannot be directly
obtained. To overcome this issue, we used an additional
method called pseudo-inverse [35].

Let us consider a Hessenberg matrix denoted by ℋ
where, and ℋ ∈ Ck×k. The eigenvalues of
this Hessenberg matrix are identified as Ritz values. Since
ℋ is the orthogonal projection of , some of the
Ritz values converge to the eigenvalues of the pencil. It has
been observed that the Ritz values often converge to the
eigenvalues positioned at the edge of the spectrum of the
pencil [36].

Further details regarding the Arnoldi iteration can be
found in [36]. Consider the following equations

Here, is the orthonormal vector matrix and ℋ is the
Hessenberg matrix as previously mentioned. 𝔣 represents
the residual calculated at each step and ek is the final col-
umn of Ik. Equations 23 and (24) are executed k number of
iterations.

With the help of the Arnoldi iteration, we can find the
large generalized eigenvalues of the pencil. To locate the
small eigenvalues of the pencil, we can use an inverse
Arnoldi iteration. In an inverse Arnoldi iteration, is sim-
ply substituted with . Executing the Arnoldi iteration
and its inverse counterpart gives us two upper Hessenberg
matrices that can be used to approximate the largest and
smallest eigenvalues of the system.

3.1.3 Formation of reduced model
Now that we have established a general idea of how we
can solve the dual set of Lyapunov equations using the
LRCF-ADI method, we can move on to the final steps of
the balanced truncation procedure. Implementation of the
LRCF-ADI method results in the low-rank version of the
controllability and observability Gramians. Using these
Gramians, we can find the Hankel singular values of the
system as shown in the following equation,

𝜎i(Σ) =
√
𝜆i(PQ). (25)

Here, the Hankel singular values are denoted as 𝜎i. The
importance of Hankel singular values lies in their ability
to measure the amount of energy present in each state of
the system. The Hankel singular values that are small in
magnitude correspond to the states that are hard to control
(reach) and hard to observe in the same time. These states
have little impact on the system's input-output behavior
and therefore can be eliminated. As a result, removal of

HOSSAIN ET AL.1516
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these trivial states from the original system leads to a
reduced model [37].

Using the matrix and the low-rank Cholesky factors
of P and Q, the singular value decomposition can be com-
puted as

Here, U ∈ Rl×l and V ∈ Rm×m are unitary matrices and
Σ ∈ Rl×m is a diagonal matrix. The most important feature
of Σ is that its diagonal entries represent Hankel singular
values that are organized in descending order.

By setting a tolerance level, the number of truncated
Hankel singular values can be controlled. If r number of
Hankel singular values can be retained without surpassing
the tolerance level, then we can denote the first r columns
of U and V as Ue and Ve where Ue ∈ Rl×r and Ve ∈
Rm×r. Keeping only r number of Hankel singular values
and removing the rest results in a reduced version of the
diagonal matrix Σ. This reduced matrix can be written as
Σe, where Σe = diag (𝜎1, 𝜎2, … … … 𝜎r) ∈ Rr×r.

The truncation matrices shown in (27)

TL = Z̆OUeΣ−1∕2
e and TR = Z̆CVeΣ−1∕2

e , (27)

can be applied to the system's matrices to obtain the
reduced system where

For the reduced model (28) we can also generate a
reduced transfer function H̆(s) similar to (12). Stability is
preserved in the reduced order. The H∞ norm error bound
in (29) can be used to check whether the transfer func-
tion of the reduced model is a good approximation of the
original system's transfer function.

||(s) − ̆(s)||∞ ≤ 2
n∑

i=r+1
𝜎i. (29)

3.2 Krylov based MOR
In recent years, Krylov subspace methods have emerged
as one of the most useful tools for the model order reduc-
tion of linear systems. A fair amount of attention has been
devoted to these methods due to their easy implementation
and low computational cost. In Krylov subspace meth-
ods, the goal is to match a certain number of coefficients
of the Taylor series expansion of the transfer functions
of the original and reduced model around a specific fre-
quency. These coefficients are known as moments [27]. If
the series is expanded around a point where so = ∞, the
coefficients are defined as Markov parameters [27]. Model

order reduction using Krylov subspaces are also referred
to as moment-matching techniques. Now we expand the
transfer function (4) in terms of the Taylor series as,

H(s) = −CA−1B − C(A−1E)A−1Bs − …
… − C(A−1E)iA−1Bsi.

(30)

Krylov subspaces are the cornerstone of
moment-matching techniques because these subspaces
are required to generate projection matrices that are
shown to form bases of the Krylov subspaces itself dur-
ing moment-matching. Projection matrices are essential
because a majority of MOR methods are implemented
by means of projection. Let us consider the following
projection,

x(t) = Vx̆(t) + 𝜖(t), (31)

where V ∈ R
𝔫×rkr𝑦 is the transformation matrix, x(t) ∈ R𝔫

is the original state vector, x̆(t) ∈ R
rkr𝑦 is the reduced state

vector, 𝜖(t) is the residual, and rkr𝑦 << 𝔫. Substituting
this projection to the system in Equation (2) and multiply-
ing the state equations by a second transformation matrix
W ∈ R

𝔫×rkr𝑦 , where, W T𝜖(t) = 0, the following system with
reduced order rkr𝑦 can be obtained.

W TEV .̆x(t) = W TAVx̆(t) + W TBu(t),
𝑦(t) = CVx̆(t).

(32)

Therefore, the reduced system matrices are:

Erkr𝑦 = W TEV , Arkr𝑦 = W TAV ,

Brkr𝑦 = W TB, Crkr𝑦 = CV .
(33)

Now that we have seen the role projection matrices
play in model order reduction procedures, let us briefly
describe how they are generated. As mentioned earlier,
projection matrices form bases of Krylov subspaces dur-
ing moment-matching. A standard Krylov subspace is
spanned by the following succession of 𝜇 vectors as,

K𝜇(A, b) = span(b,Ab,A2b, … ,A𝜇−1b), (34)

where A ∈ R𝔫×𝔫 and b ∈ R𝔫 is identified as the initial
vector [13]. The vectors b,Ab,A2b, … ,A𝜇−1b, which build
the subspace, are called basic vectors.

When b has more than one initial vector, (34) is formally
known as block Krylov subspace. A basis of a Krylov sub-
space is created from the first linearly independent basic
vectors [31].

There are two major algorithms that can be utilized
to systematically construct the projection matrices V and
W : the Arnoldi algorithm and the Lanczos algorithm. In
a state-space system, there are two Krylov subspaces: an
input Krylov subspace and an output Krylov subspace.
One or both of the subspaces can be used in projection.

HOSSAIN ET AL. 1517
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According to [16], if the columns of the projection matri-
ces V and W both produce bases for the input and output
Krylov subspaces, then the first 2𝜇 moments of the original
and reduced system are equivalent. Once the projection
matrices are obtained, they can be applied to the system
matrices of the original model, yielding a smaller model
that contains a certain number of moments that are equiv-
alent to the original system's moments.

Since Krylov subspace methods employ simple opera-
tions such as matrix-vector multiplications, these meth-
ods are deemed effective for the reduced-order modeling
of large-scale sparse systems. However, Krylov subspace
methods has its own set of limitations since there is no
global error bound and no assurance that stability will be
preserved in the reduced order model. When comparing
balanced truncation to Krylov subspace methods, it is evi-
dent that using balanced truncation is a wiser choice when
stability and error bound are a concern. Unlike Krylov
subspace based methods, balanced truncation allows sta-
bility to be retained in the reduced-order model. However,
Krylov subspace methods are more suitable than balanced
truncation when numerical effort and storage require-
ments are in question.

3.2.1 IRKA
Now that a general idea of Krylov subspace methods has
been established, we can shift our attention to a spe-
cific Krylov based model reduction technique called Iter-
ative Rational Krylov Algorithm, known as IRKA. This
two-sided projection method is similar to the method
presented in [38]. The work of this projection method
is twofold. On one side, a Lyapunov equation is solved
for the observability Gramian and on the other side, a
moment-matching Krylov technique is applied. Consider
a matrix W ∈ C𝔫×𝔫, a vector u ∈ C𝔫 and a point 𝛼 ∈ C, the
Krylov space of index 𝑗 = 0, 1, 2, ... can be written as,

K𝑗(M,u, 𝛼) ∶= Im([(𝛼I − M)−1u,
(𝛼I − M)−2u, … (𝛼I − M)−𝑗u]); if, 𝛼 ≠ ∞

(35)

The following theorem demonstrates how the moment
matching problem can be solved with the help of Krylov
projections.

Theorem 1. If Im(V) = span[k𝑗1(A,B; 𝜎1) … k𝑗k
(A,B; 𝜎k)], and

Im(W) = span [k𝑗k+1(A,B; 𝜎k+1) … k𝑗2k(A,B; 𝜎2k)],
then 𝑗k number of moments match between the trans-
fer functions of the original and reduced order model at
the interpolation point 𝜎k for k = 1, ..., 2K. For more
information, we refer to [39] and the references therein.

4 NUMERICAL ALGORITHMS

In this section, we delineate the necessary steps of the two
model reduction techniques proposed in this paper. We
see the implementation of balanced truncation and Krylov
based IRKA in Algorithms 1 and 2 respectively.

4.1 Algorithm 1: Balanced Truncation
The LRCF-ADI algorithm is comprised of the following
steps. We use steps 1 to 4 to determine whether the
Gramian we are working with is a controllability Gramian
or an observability Gramian. Once decided, we move on
to the next set of three steps to compute the low-rank
Cholesky factors using the LRCF-ADI method. We can
see that steps 6 to 8 are embedded in a loop where each
time the loop is executed, a new column is added to the
Cholesky factor. We continue this iteration process as soon
as the approximate Cholesky factor Zi in step 8 satisfies
the relation in (19). Note that, in (19) Xi ≈ ZiZT

i and Zi is
computed in step 8 after i-th iteration steps.

In step 12, we find the economic singular value decom-
position of the product matrix with the two Cholesky
factors. As a result, we obtain a diagonal matrix, the entries
of which represent Hankel singular values. The two pro-
jection matrices TL and TR are constructed in step 13.
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Applying these projection matrices to the system matri-
ces, we can find the reduced order model as shown in step
14. The transfer function of the reduced order model is
shown in step 15. Finally, we check the H∞ norm bound
in step 16 to verify the accuracy of the truncation. If the
error is smaller than twice the sum of the truncated Han-
kel singular values, the truncation has been successfully
accomplished.

4.2 Algorithm 2: IRKA
The Krylov Based IRKA algorithm is initiated once the ini-
tial shifts are randomly selected. Using these shifts, we can
create the right projection matrix V ∈ R

𝔫×rkr𝑦 , as shown
in step 2. Step 3 reflects the SVD portion of this two-sided
projection method where the Lyapunov equation is solved
to obtain an approximation of the observability Gramian
Q. Moving on to step 4, we can see that the observability
Gramian is required to compute the left projection matrix
W ∈ R

𝔫×rkr𝑦 . In step 5, the two projection matrices V and
W are then used to construct Erkr𝑦 and Arkr𝑦 .

The performance and rate of convergence of this
algorithm is governed by the shifts 𝛿i. For better perfor-
mance, the shifts 𝛿i are updated using step 6. The condition
real (𝜆iErkr𝑦 − Arkr𝑦) < 0 is used to locate the eigenvalues
of the pencil that possess negative real part. These neg-
ative real eigenvalues are then substituted as 𝛿i and step
6 is repeated until a satisfactory reduced order model is
obtained in terms of the reduced transfer function. In step
7, W is modified according to the new projection matrix V .
It is worth mentioning that since the negative real eigen-
values of the pencil were used to create the projection
matrices V and W , we are able to ensure the stability of

the reduced model. In step 8, the reduced order matrices
Erkr𝑦 , Arkr𝑦 , Brkr𝑦 and Crkr𝑦 are computed. The final step of
the algorithm consists of generating the transfer function
of the reduced-order model.

5 NUMERICAL RESULTS

The accuracy and performance of our two proposed algo-
rithms are tested using data that is produced from a RF
circuit simulator. This circuit simulator is composed of 5
nodes. To discretize the time-varying system, a total of 129
time steps are used. To perform the steady state analysis
of the system, a period of T = 4ms is considered. The
discretized system has a dimension of 645 × 645.

For our balanced truncation-based algorithm, we start
off by using the block Arnoldi method to locate the large
eigenvalues of the system. Likewise, the inverse block
Arnoldi method is utilized to locate the small eigenvalues.
Two variables Ba and Bi are assigned to denote the num-
ber of iterations for the block Arnoldi method and inverse
Arnoldi method, respectively. For convenience, we assign
Ba = 25 and Bi = 20 while keeping in mind that the order
of the system must be significantly larger than the number
of iterations (k << 𝔫). In addition, we also have to make
sure that the sum of Ba and Bi is larger than 2So, where So
denotes the number of shift parameters for the LRCF-ADI
method. Setting So = 20 and the residual tolerance level 𝜖
in (19) to 10−5 results in the convergence of the LRCF-ADI
method. The iterative process continues to run until this
residual tolerance level is met. The original LTI system has
an order of𝔫 = 645. For convenience, we assumed = T .
Applying balanced truncation to the original LTI system
gives us a reduced model of order 10.

For the Krylov based IRKA algorithm, we begin the
algorithm using 10 arbitrary 𝛿i values. Using these ran-
domly chosen 𝛿i shifts, the right projection matrix V is
built and subsequently, the left projection matrix W is cre-
ated as well. Once the negative real eigenvalues of the
system are computed, these eigenvalues are assigned as
the new 𝛿i shifts. The projection matrices V and W are
updated according to the new 𝛿i shifts. Setting the residual
tolerance level for the IRKA algorithm to 10−5 and run-
ning the algorithm for a total of 10 iterations results in
the convergence of the algorithm as desired. Applying the
Krylov based IRKA algorithm to the main model gives us
a reduced model of order 13.

Figure 1 illustrates the structural sparsity of the sys-
tem matrices and . Since is a singular matrix, we
are unable to find the inverse in the conventional way.
Instead, we adopt the concept of pseudo-inverse to deter-
mine the inverse. Due to the complex nature of the Ritz
values found from the block Arnoldi and inverse Arnoldi
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FIGURE 1 and  Matrices of
the system [Color figure can be
viewed at wileyonlinelibrary.com]

FIGURE 2 Normal residual of LRCF-ADI [Color figure can be
viewed at wileyonlinelibrary.com]

method, the shift parameters for the LRCF-ADI method
are not optimal.

The residual obtained in each iteration of the LRCF-ADI
method is shown in Figure 2.

In Figure 3 we depicted the real part of few eigenvalues
(of largest magnitudes) for the main system and for the two
reduced systems. According to Figure 3, we can see that the
eigenvalues of the main system and the two reduced sys-
tems are located on the open left half plane. As mentioned
earlier, this particular scenario verifies the stability of a sys-
tem. Therefore, we can state that the main system and its
two corresponding reduced models are stable. We observe
that a good number of the eigenvalues of the ADI-induced
system and the IRKA-induced system completely overlap
with the main system's eigenvalues. We notice that few
eigenvalues of both the reduced system are located at very
close to the zero border line (dot-solid line in Figure 3).

One of the most important criteria for comparing the
accuracy of a reduced-order model is to find its frequency
response. The dynamics of a system can be described by
showing its frequency response. The transfer functions of
the main system, the balanced truncation based reduced
system, and the IRKA based reduced system are repre-

FIGURE 3 Eigen structures of the main and reduced systems
[Color figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 Frequency responses of original and reduced systems
[Color figure can be viewed at wileyonlinelibrary.com]

sented as
and Hrkr𝑦 = Crkr𝑦(sErkr𝑦 − Arkr𝑦)

−1Brkr𝑦 respectively. Here,
s denotes the complex frequency. Figure 4 displays the
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FIGURE 5 Error and error bound in frequency response for
balanced truncation MOR [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 6 Error in frequency response

frequency responses of all three systems over the frequency
range 4 × 10−6 − 4 × 106.

Figure 5 illustrates the error in the frequency responses
of the original (main) system and the reduced-order sys-
tem obtained via the balanced truncation approach. The
frequency varies from 0 Hz to 30 MHz. The graph reveals
that the error is bounded by the the relation (29), which is
one of the crucial demands in the balancing based reduc-
tion method.

Figure 6 illustrates the similar error plot for the fre-
quency responses of the original (main) system and Krylov
based MOR. Here we can not guarantee the error bound
since IRKA does not provide any error bound relation for
the reduced model. But the graph reveals that the error is
of satisfactory level.

The accuracy of our model reduction techniques is illus-
trated by plotting the Bode plots for the main system and

FIGURE 7 Bode plots of the main and reduced systems [Color
figure can be viewed at wileyonlinelibrary.com]

for the two reduced systems. The Bode plots of the original,
ADI-reduced, and IRKA-reduced systems are shown in
Figure 7. Bode plots are a great way to display the gain and
phase response of a system for various frequencies. Based
on Figure 7, it is evident that the magnitude response of the
main system and the two reduced systems overlap. Similar
results are observed in the phase plot of the three systems.

6 CONCLUSION

In recent years, model order reduction of linear and non-
linear systems has sparked great interest amongst engi-
neers and mathematicians and has become a popular
topic of active research. This interest was triggered by the
growing need to accurately and efficiently represent com-
plex and large-scale mathematical models. Model order
reduction serves as an important tool to overcome the
challenges associated with the numerical simulation and
optimization of these complicated mathematical mod-
els. The aim of this paper was to develop two iterative
methods that could be used to reduce the dimensions
of a real-life large-scale LTV system. We started with a
LTV system that was reformulated to a LTI system and
the resulting LTI system had a dimension of 645 × 645.
After applying our proposed balanced truncation tech-
nique, we obtained a reduced-order model of order 10.
Similarly, we obtained a reduced-order model of order 13
after applying the Krylov based IRKA algorithm to the
original LTI system. Based on our numerical results, we
are able to conclude that the two reduced order models
are stable at a certain frequency range: 0 Hz to 30 MHz.
Furthermore, the errors generated from the two reduced
models in the above frequency range remain within the
satisfactory levels.

The paper has some limitations. This paper's focus is
LTV models that are weakly nonlinear and permit a dis-
cretized stable LTI reconstruction. But there are many
mathematical models generated from real life systems that
are simply unstable. A common investigation for model
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reduction of such systems in discrete-time setting is to
decompose the unstable system into causal and noncausal
parts and explore the treatment of model reduction tech-
niques for both parts separately [40]. It remains a future
research direction for us.

Another issue for further consideration is the shift
parameters that were used in the LRCF-ADI iteration were
suboptimal due to the complex nature of the Ritz values.
Using optimal parameters in the LRCF-ADI method will
yield better convergence results. Also, a better initial shift
selection for the Krylov based IRKA algorithm can lead to
a better approximation of the original model. Minimizing
the residual is subject to further study.
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